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Abstract Geometric phase in a two-level atom with a fluctuating magnetic field is calcu-
lated by a nonunit vector ray in a complex projective Hilbert space, where the nonunit vector
is a map connecting with density matrices of a quantum open system. We find that the Pan-
charatnam phase oscillates with evolving time. The Berry phase depends on the fluctuating
parameter but it is proportional to the area spanned in the Bloch parameter space.
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1 Introduction

The wave function of a quantum system retains a memory of its motion in terms of a geo-
metric phase [1–7] when it undergoes a closed evolution in parameter space: the geometric
phase essentially arises as an effect of parallel transport in the Poincaré representation of
the manifold of pure states. More precisely, the amplitudes of wave functions are mapped
onto given points on the Poincaré sphere for a pure state [8–10]. Geometric phase has been
observed in spin 1/2 systems through nuclear-magnetic-resonance (NMR) experiments [11]
and with polarized photons using interferometers (PPI) [12, 13].

As early as 1956, Pancharatnam [1] anticipated a quantum geometric phase. Surprisingly
nobody paid much attention to the existence of the geometric phase until 1984 when Berry
[2] rediscovered the phase for a quantum system under adiabatic evolution. Aharonov and
Anandan [3] subsequently regarded the geometric phase factor as an inherent geometric
property of the quantum system itself in the evolution and dropped the requirement for
adiabatic condition.

Application of geometric phases in quantum computation [14–16] has motivated their
studies under more realistic situations [17–30]. In a real system, noise and decoherence
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are big problems. The process limits the ability to maintain pure quantum states in quan-
tum information. It is known that the decoherence may come from the fluctuations of both
physical quantities and vacuums. In previous works [18–29], however, almost studies have
concentrated to the effects of vacuum fluctuations on the geometric phase. Therefore, it is
interesting to study the effects of fluctuating magnetic field on the geometric phase. It may
be very important, especially, for process of quantum information because noisy mixing of
matter would also mimic a fluctuating matter. Differently from the previous classic treat-
ment about the fluctuating magnetic field [30], we will start from a master equation in order
to investigate the effects of fluctuating magnetic field on the geometric phase.

It is known that the definition of the geometric phase for the open system is still an
open problem. We formulate entirely the geometric phase in terms of geometric structures
on a complex projective Hilbert space because a general belief is that the Berry phases are
geometric in their nature, i.e., proportional to the area spanned in parameter space.

2 Master Equation in Fluctuating Magnetic Field

Our system consists of a two-level atom in the presence of an external magnetic field with the
Hamiltonian H0 = 1

2 ��σz, where � is the atomic resonance frequency. We further extend
our analysis to contain both the magnetic field and a fluctuating component. Thus a master
equation in the Schrödinger picture may be expressed by a density operator ρ,

i�
d

dt
ρ(t) = [H(t), ρ(t)], (1)

where the Hamiltonian is taken to be linear in a fluctuating field and expressed as

H(t) = H0 + B(t)M, (2)

where B(t) is a random field to describe a decoherence source in the physical system and
M = 1

2 �σx is independent of time. After averaging on different trajectories induced by the
noise, actually, the system at the end of the evolution is in a mixed state. Thus the Bloch
vector does not return to its initial position since the state has changed its degree of mixed-
ness. To calculate the correct Bloch vector, we have to average the final positions. In the
interaction picture, the master equation (1) may be written as

i�
d

dt
ρI (t) = [HI(t), ρI (t)], (3)

where ρI (t) = (PeiH0t/�)ρ(t)(Pe−iH0t/�) and HI(t) = B(t)(PeiH0t/�)M(Pe−iH0t/�) =
B(t)MI , while P is a time-ordering operator. This equation can be solved by iterating as
[31]

ρI (t) = ρI (0) − i

�

∫ t

0
dt1B(t1)[MI(t1), ρI (0)]

− 1

�2

∫ t

0

∫ t1

0
dt1dt2B(t1)B(t2)[MI(t1), [MI(t2), ρI (0)]] + · · · . (4)

In order to simplify our computation but without loss of generality, we now assume that the
fluctuations in such fields may be well approximated by random added to an average value,

〈B(t)〉 = 0, 〈B(t1)B(t2)〉 = α2τδ(t1 − t2), (5)
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with the average of all higher odd products of B(t) vanishing, and all higher even prod-
ucts given by the sum of all possible products of second order cumulants. For example,
〈B(t1)B(t2)B(t3)B(t4)〉 = 1

4α4τ 2(δ(t1 − t2)δ(t3 − t4) + δ(t1 − t3)δ(t2 − t4) + δ(t1 − t4) ×
δ(t3 − t2)). It is noted that the random potentials are supposed to δ-correlated Gaussian dis-
tributions, which leads to only the even-product contributions to the average density 〈ρ(t)〉.

In (4), thus, the first term produces the unperturbed pure state, the second (dipole) term
vanishes after averaging over the fluctuations. Moreover, the quadrupole term gives the lead-
ing fluctuation-induced modification, and so on.

Averaged values of functions of the random field B(t) can then be expressed as a path
integral,

〈g(B(t))〉 =
∫ ∞

−∞
D[B(t)]g(B)e− ∫ t

0 dtB2/2k, (6)

where

D[B(t)] = �idB(ti)

√
	t

2kπ
, (7)

and k = 2α2τ . This reproduces the form of the averages of the even power products, and
integrals can be explicitly calculated with the result,

〈ρI (t)〉 = 〈ρI (0)〉 − k(t)

2�2

∫ t

0
dt1[MI(t1), [MI(t1), 〈ρI (0)〉]]

+ k2(t)

4�4

∫ t

0
dt1

[
MI(t1),

[
MI(t1),

∫ t1

0
[MI(t2), [MI(t2), 〈ρI (0)〉]]

]]
− · · · , (8)

which is just the iterative expression of the following differential equation,

d

dt
〈ρI (t)〉 = −k(t)

2�2
[MI(t), [MI(t), 〈ρI (t)〉]]. (9)

In the Schrödinger picture, thus, (9) becomes

d

dt
〈ρ(t)〉 = − i

�
[H0, 〈ρ(t)〉] − k(t)

2�2
[M(t), [M(t), 〈ρ(t)〉]], (10)

where 〈· · ·〉 represents an average over the random variables. The double commutator is
the CPT violating term since although it is CP symmetric it induces time-irreversibility,
which may be an appropriate form for the decoherence. It is noted that (10) is different
from the others from a system interacting with the normal [27, 32] and squeezed vacuum
fluctuation [29].

Defining u(t) = (〈ρ11〉 − 〈ρ22〉)/2, v(t) = 2Re(〈ρ12〉) and w(t) = 2Im(〈ρ12〉), one find
that (10) may be rewritten as

d

dt

⎛
⎝ u

v

w

⎞
⎠ =

⎛
⎝−k/2 0 0

0 0 −�

0 � −k/2

⎞
⎠

⎛
⎝ u

v

w

⎞
⎠

= L

⎛
⎝ u

v

w

⎞
⎠ , (11)

which is similar to the optical Bloch equation and L is a superoperator.
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3 Bloch Vector

In general case, the random fluctuation of magnetic field is small in comparison with the
atom oscillation length. Therefore, we only consider the case of �2

r = �2 − κ2 ≥ 0, where
κ = k/4 will be taken as the constant for the sake of simplification. In order to obtain the

solution of (11), we firstly calculate the eigenvectors
−→
E

(i)
and corresponding eigenvalues λi

of the superoperator L. It is straightforward to show that the eigenvectors are given by,

−→
E

(1) =
⎛
⎝1

0
0

⎞
⎠ ,

−→
E

(2) =
⎛
⎝ 0

−−κ+i�r

�

1

⎞
⎠ ,

−→
E

(3) =
⎛
⎝ 0

−−κ−i�r

�

1

⎞
⎠ , (12)

and the corresponding eigenvalues are expressed by,

λ1 = −2κ, λ2 = −κ − i�r, λ3 = −κ − i�r . (13)

Thus, the solution of (11) is given by

⎛
⎝ u

v

w

⎞
⎠ = c1e

λ1t−→E (1) + c2e
λ2t−→E (2) + c3e

λ3t−→E (3)
, (14)

where ci (i = 1,2,3) are determined by taking the initial state of the two-level atom as
|(0)〉 = cos θ

2 |0〉 + sin θ
2 |1〉. Thus the diagonal elements of the density matrix can be ex-

pressed by

〈ρ11〉 = 1

2
(1 + cos θe−2κt ), (15)

〈ρ22〉 = 1

2
(1 − cos θe−2κt ). (16)

From (15) and (16), we see that the diagonal elements include an effect of decay, which is
similar to the spontaneous decay of an atom interacting with the normal vacuum reservoir.

For the nondiagonal elements of the density matrix, one finds

〈ρ12〉 = 1

4
sin θ

[
−i

κ

�r

+
(

1 + �

�r

)]
e−κt−i�r t

+ 1

4
sin θ

[
i

κ

�r

+
(

1 − �

�r

)]
e−κt+i�r t , (17)

〈ρ21〉 = 1

4
sin θ

[
−i

κ

�r

+
(

1 − �

�r

)]
e−κt−i�r t

+ 1

4
sin θ

[
i

κ

�r

+
(

1 + �

�r

)]
e−κt+i�r t , (18)

which include both the complex oscillations and exponential decay with the evolving time.
When the fluctuating parameter κ = 0, the oscillations become simple with the frequency �

related to the magnetic field.
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Using the elements of density matrix in (15)–(18), we can parameterize the Bloch vec-
tor n = Tr (〈ρ〉−→σ ) = (〈ρ12〉 + 〈ρ21〉, i(〈ρ12〉 − 〈ρ21〉), 〈ρ11〉 − 〈ρ22〉) as n = (r sinα cosβ,

r sinα sinβ, r cosα) with the relations,

r2 = n · n = (〈ρ12〉 + 〈ρ21〉)2 − (〈ρ12〉 − 〈ρ21〉)2 + (〈ρ11〉 − 〈ρ22〉)2

= sin2 θ

((
cos�rt − κ

�r

sin�rt

)2

+ �2

�2
r

sin2 �rt

)
e−2κt + cos2 θe−4κt , (19)

where r is radius of the Bloch sphere. And two azimuthal angles, α and β , can be expressed
by

cosα = 〈ρ11〉 − 〈ρ22〉
r

= cos θ

r
e−2κt , (20)

tanβ = i
〈ρ12〉 − 〈ρ21〉
〈ρ12〉 + 〈ρ21〉 = � sin�rt

�r(cos�rt − κ
�r

sin�rt)
. (21)

From (19)–(21), we see that the Bloch parameters, such as r , α and β , depend on the
fluctuating rate and oscillate with the evolving time. Especially, β doesn’t depend on the
exponential decay.

4 Geometric Phase

When r = 1, our physical system corresponds to a pure state. It is well-known that the given
points on the unit Poincaré sphere mapped onto field amplitudes as the pure states |ψ〉 are
unit vectors in the complex projective Hilbert space [8–10]. For r < 1, the physical system
corresponds to a mixed state. The corresponding n < nR = n/r are in interior of this unit
Poincaré sphere. The mixed states, therefore, can be identified with the interior points of
this sphere. Thus, the interior points in the unit Poincaré sphere may be mapped onto field
amplitudes as the mixed states |〉, which can be expressed as

�−1(ρ) = |〉 =
( √

r cos(α/2)√
reiβ sin(α/2)

)
, (22)

which includes the effect of fluctuating magnetic field. Therefore, it is a dressed spin −1/2
state with nonunit vector in the complex projective Hilbert space.

Our nonunit vector ray in the projective Hilbert space is one-to-one correspondence with
the general density matrix evolved dynamically according to (10) [27]. In the kinematic
approach to the geometric phase [33], the state vector of the mixed state was taken as a
purified state. It is well-known that the purification of the density operator is not usually
unique.

We now begin with the smooth (open or closed) curve C = {|(t)〉 = �−1ρ(t)} and
subdivide it into N parts. The points of subdivision are at t0 = 0, t1, . . . , tN = t and
|i〉 = |(ti)〉 = �−1ρ(ti) are values at these points. Each trajectory, then, is represented
by a discrete sequence of quantum states {|0〉, |1〉, . . . , |N 〉}. Thus the geometric phase,
expressed by the wave function in the complex projective Hilbert space, is given by the
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Pantcharatnam formula,

γg = −LtN→∞ arg{〈0|1〉〈1|2〉 · · · 〈N−1|N 〉〈N |0〉}

= arg

(
〈(t0)|(t)〉 exp

[
−

(∫ t

t0

〈(t)|d|(t)〉
〈(t)|(t)〉

)])

= arg〈(t0)|(t)〉 − Im

(∫ t

t0

〈(t)|d|(t)〉
〈(t)|(t)〉

)

= arg〈(t0)|(t)〉 − 1

2

∫ t

t0

(1 − cosα(t))dβ(t), (23)

where the total phase is given by

arg〈(t0)|(t)〉 = tan−1 sin(β(t) − β(t0)) sin α(t0)

2 sin α(t)

2

cos α(t0)

2 cos α(t)

2 + cos(β(t) − β(t0)) sin α(t0)

2 sin α(t)

2

. (24)

Equation (23) is a gauge and reparameterized invariance. Therefore, γg is a geometric
(Pantcharatnam) phase associated with an evolution of a quantum open system.

By setting

|p(t)〉 = exp

{
−

(∫ t

t0

〈(t)|d|(t)〉
〈(t)|(t)〉

)}
|(t)〉, (25)

which satisfies the parallel transport condition, we find that the Pantcharatnam phase (23)
may be rewritten as

γg = arg〈p(t0)|p(t)〉. (26)

By using (25) and (26), we can obtain the expression of geometric phase as a function
of the density matrix [27]. Moreover, we can prove that our expression is in agreement with
nonunitary evolution [27, 34].

This is very important because the density matrix was introduced as a way of describing
the quantum open system and the state of the open system is not completely known. In a
general case, the state for the open system can always be written in many different ways as a
probabilistic mixture of distinct but not necessarily orthogonal pure states. In contrast to the
kinematic approach [33], an orthogonal pure initial state is used. Therefore, the approach to
the mixed state may be in a special case.

5 Geometric Structure

From (21) and (24), we see that, when the evolving time t0 = 0 and t = 2π/�r , the to-
tal phase is 2π . In this condition, the constant total phase may be dropped. Equation (23)
becomes

γg = −Im

(∫ t

t0

〈(t)|d|(t)〉
〈(t)|(t)〉

)

= −1

2

∫ t

t0

(1 − cosα(t))dβ(t), (27)
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which is called as Berry phase. It is interesting to formulate the Berry phase for the mixed
state by using the language of differential geometry as done in the pure state case [35].

Under a local gauge transformation for the pure state, such as

|ψ(η)〉 → |ψ ′(η)〉 = e−iα(η)|ψ(η)〉, (28)

we find that the nonunit vector state |(η)〉 in (22), describing the open system, can be
expressed as

|(η)〉 → | ′(η)〉 = e−iα(η)|(η)〉. (29)

Thus, one has

β = −Im
〈(η)| ∂(η)

∂ηi
〉

‖(η)‖2
dηi

→ β ′ = −Im
〈 ′(η)| ∂ ′(η)

∂ηi
〉

‖ ′(η)‖2
dηi

= −Im

〈
 ′(η)

‖ ′(η)‖
∣∣∣∣ ∂

∂ηi

 ′(η)

‖ ′(η)‖
〉
dηi + Im

(
‖ ′(η)‖ ∂

∂ηi

1

‖ ′(η)‖dηi

)

= −Im

〈
e−iα(η) (η)

‖(η)‖
∣∣∣∣− i

∂α(η)

∂ηi

e−iα(η) (η)

‖(η)‖ +e−iα(η) ∂(η)

∂ηi

(η)

‖(η)‖
〉
dηi

= −Im

〈
(η)

‖(η)‖
∣∣∣∣ ∂

∂ηi

(η)

‖(η)‖
〉
dηi + ∂α(η)

∂ηi

dηi

= β + dα, (30)

where ‖(η)‖ = √〈(η)|(η)〉 and β is called as one-form. In (30), we already use the
fact that 〈(η)|(η)〉 is real. By using an exterior differentials, furthermore, the two-form
can be written by

σ = dβ = ∂βj (η)

∂ηi

dηi ∧ dηj

= −Im

(
∂

∂ηi

(η)√〈(η)|(η)〉 ,
∂

∂ηj

(η)√〈(η)|(η)〉
)

dηi ∧ dηj

− Im

(
(η)√〈(η)|(η)〉 ,

∂2

∂ηi∂ηj

(η)√〈(η)|(η)〉
)

dηi ∧ dηj

= −Im

(
∂

∂ηi

(η)√〈(η)|(η)〉 ,
∂

∂ηj

(η)√〈(η)|(η)〉
)

dηi ∧ dηj

= σij dηi ∧ dηj , (31)

where

σij = −Im

〈
∂

∂ηi

(η)

‖(η)‖
∣∣∣∣ ∂

∂ηj

(η)

‖(η)‖
〉
. (32)
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The symplectic two-form σ is invariant under the local gauge transformations (28) and (29),
such as

σ → σ ′ = dβ + d2α = dβ = σ. (33)

Therefore, the Berry phase is rewritten as

γg(C = ∂S) =
∫

S

σ =
∮

C
β, (34)

which is the area enclosed in the path traced out the surface of the Bloch sphere. Therefore,
the Berry phase of mixed state is a geometric phase associated with a nonunit vector state
for the open system carried around the closed curve C .

6 Discussion and Conclusion

The Pantcharatnam phase and corresponding radius of Bloch sphere as the functions of both
the fluctuating rate κ of magnetic field and the evolving time t are shown at Figs. 1 and

Fig. 1 Pantcharatnam phase in a
fluctuating magnetic field as
functions of the fluctuating rate κ

and evolving time t with the
parameters � = 1/s and
θ = π/4, where the unit of time s
is referred to multiplicative
inverse of the atomic resonance
frequency

Fig. 2 Corresponding radius of
Bloch sphere for Pantcharatnam
phase as functions of the
fluctuating rate κ and evolving
time t with the same parameters
as Fig. 1
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Fig. 3 Two-dimensional
parametric plots for radius of
Bloch sphere as a function of the
evolving time t for κ = 0.05/s,
0.1/s, 0.15/s, 0.2/s respectively
with the same parameters as
Figs. 1 and 2

Fig. 4 Berry phase in a
fluctuating magnetic field as
functions of initial angle θ and
the fluctuating rate κ with the
parameter � = 1/s, where the
phase is accumulated at the
region [0, t = 2π/�r ] and the
unit of time s is referred to
multiplicative inverse of the
atomic resonance frequency

2 respectively. Two-dimensional plot for the radius is shown at Fig. 3. We find that the
phase oscillates accompanying the oscillation of the radius and decreases with creasing of κ

and t , where the oscillation frequency �r depends on the fluctuation of magnetic field and is
different from the atomic resonance frequency �. These may be understood because, from
(23) and (24), the phase depends strongly on the parameters of Bloch sphere, such as α, β

and r , where the parameters are functions of cos(�r t), sin(�r t) and exponential decay (see
(19)–(21)) and therefore the radius oscillates and decreases according to the evolving time
(see Figs. 2 and 3). If κ = 0, �r = � and r = 1. Moreover, the oscillations disappear for both
the Pantcharatnam phase and the Bloch parameters in this case. Therefore, the oscillations
are resulted from the fluctuating magnetic field.

The Berry phase (see (27)) accumulated at the region [0, t = 2π/�r ] and Bloch radius at
evolving time t = 2π/�r are shown at Figs. 4 and 5 as functions of initial angle θ and fluc-
tuating rate κ . Two-dimensional plots for the phase and the radius as functions of the fluc-
tuating rate κ are shown at Figs. 6 and 7 respectively. We see that the radius at t = 2π/�r

oscillates according to θ and decreases with increasing of κ . However, it is interesting to note
that the oscillations disappear for the Berry phase at the region [0, t = 2π/�r ] though it de-
creases with increasing of θ and κ , which is different from the radius at point of t = 2π/�r .
It is known that, because the Berry phase is proportional to the area spanned in the Bloch
parameter space (see (34)), it is insensitive to any oscillation (see Figs. 4 and 6). But the
Berry phase is not simply given by the solid angle enclosed by the isolated spin resonances
without the fluctuating field (see Figs. 6 and 7). It is worth noting that there doesn’t exist
the cyclic motion for the open physical system because there exists an exponential decay
in the density matrix so that the field amplitudes describing the mixed state in the complex
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Fig. 5 Radius of Bloch sphere at
evolving time t = 2π/�r as
functions of initial angle θ and
the fluctuating rate κ with the
same parameters as Fig. 4

Fig. 6 Berry phase in a
fluctuating magnetic field as a
function of the fluctuating rate κ

with the parameters � = 1/s and
θ = π/4, where the phase is
accumulated at the region
[0, t = 2π/�r ] and the unit of
time s is referred to
multiplicative inverse of the
atomic resonance frequency

Fig. 7 Radius of Bloch sphere at
evolving time t = 2π/�r as a
function of the fluctuating rate κ

with the same parameters as
Fig. 6

projective Hilbert space are a function of the exponential decay. If the fluctuating field dis-
appears, the Bloch parameters become r = 1, α = θ and β = �t according to (19)–(21).
This implies the system is in the pure state. Furthermore, (27) will give the Berry Phase as
γg = −π(1 − cos θ) in this case. Therefore, our definition of geometric phase includes the
result of the pure state.

Comparing the Berry phase with the Pantcharatnam phase for the open system, we find
that, because the Pantcharatnam phase is a function of the evolving time, the phase is
more strongly dependent on the fluctuating field than the Berry phase. In contrast to the
Pantcharatnam phase, the Berry phase is accumulated at the region [0, t = 2π/�r ] of the
evolving time and therefore it does not oscillate with the evolving time. However, it is worth
noting that the dressed frequency of atomic resonance, �r = √

�2 − κ2, depends on the
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fluctuating rate. Therefore, the effect of fluctuating magnetic field on the Berry phase can
not be neglected in our approach (see Figs. 6 and 7). This is different from that of [30], where
the contributions from this effect are proportional to κ2 so that this effect can be neglected
at the level of approximation.

In conclusion, a method is suggested to calculate the geometric phase in the fluctuating
magnetic field. We find that the Berry phase is not the same for the pure state as for the
mixed state. Furthermore, a simple geometric interpretation is analyzed for the dressed spin
resonances in terms of the Bloch parameter space.

In comparison with the previous treatment to the fluctuating magnetic field in the cal-
culation of geometric phase [30], our results include obviously the effect of the fluctuating
magnetic field. In contrast to the other previous definitions for the geometric phase in open
system [21–26, 33], our approach is to emphasize its geometric structure, where the simple
structure is exploited so that any state can be described as (generally un-normalized) vec-
tor in a Bloch sphere. Thus, the geometric phase is only dependent on the smooth (open
or closed) curve in the complex projective Hilbert space. By renormalizing this vector, we
define the geometric phase as the area enclosed in the path traced out on the surface of the
sphere.

From Figs. 1–7, we see that our geometric phase is a continuous function of the evolving
time, which is in contrast to the quantum jump and kinematic approaches where there existed
some discontinuous points [36] in the geometric phase. It may be difficult to understand the
discontinuities in physics because all elements of the density matrix, describing the quantum
open physical system, are continuous functions.
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